We introduce an exactly solvable model of hybrid spin lattices having nodal Ising spins and decorating quantum dimers with a varying band-filling. The kinetic energy of the decorating electrons induces an effective coupling between nodal Ising spins. We provide the full phase diagram in square and cubic lattices as a function of the band-filling showing reentrant phases and a crossover from ferro to antiferromagnetic ordering. The dependence of the effective ferro and antiferromagnetic couplings on the kinetic energy of decorating electrons, as well as their distinct sensitivity to thermal fluctuations, are shown to govern the main features of the reentrant phases.
Introduction
Exactly solvable spin models play an important role in the study magnetism. They can provide important insights on diverse aspects of interacting many body systems, particularly in phase transitions and critical phenomena [1] [2] [3] . Although most of the exactly solvable models are relatively simple, they are also important test grounds to evaluate the accuracy of approximated analytical methods and numerical simulations.
Decorated Ising lattices is one class of spin models on which an exact algebraic transformation expresses their thermodynamic properties in terms of those of the corresponding pure Ising lattices [4] . This follows from Fisher's original ideas [5] which unveiled that an arbitrary system interacting with two outer Ising spins can be replaced by an effective exchange coupling between the Ising spins after a proper decoration-iteration transform [6] . The star-triangle transform [7] leads to an extension of this approach for the case of three outer Ising spins. One important aspect of this approach is that the decorating system can be of a quite general nature, including Ising, classical and quantum Heisenberg spins [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
Recently, a new class of decorated systems was introduced on which a quantum dimer is placed between Ising spins [24, 25] . Each site of the quantum dimer is considered to have a single s orbital. The electrons occupying these orbitals are allowed to hop between the two sites composing the dimer with a typical kinetic energy represented by a quantum hopping term. In a diamond chain geometry and for half-filling of the quantum dimers s orbitals, it has been shown that this model presents magnetization plateaus and double peaks in the magnetic susceptibility and specific heat [24] , resembling the experimental results on some azurite compounds as well as on the quantum Heisenberg diamond chain model. An enhanced magnetocaloric effect has also been reported due to the underlying frustration induced by the electron mobility within the quantum dimer [25] .
An interesting variant of hybrid spin models with Ising nodal spins and decorating quantum dimers has been recently put forward, mimicking the spin interactions in some polymeric coordination compounds [26, 27] . In this class of models, the sites composing the quantum dimer and the Ising outer spins are collinear. At half-filling (two electrons occupying each dimer) the effective coupling between the outer Ising spins is antiferromagnetic [26] . On the other hand, a ferromagnetic coupling sets up at quarter-filling (one electron per dimer) [27] . The fact that, depending on the band filling, the kinetic energy of electrons may lead to ferromagnetism or antiferromagnetism is a longstanding problem in magnetism. This crossover has been shown within the scope of the dynamical mean-field approximation and quantum Monte Carlo simulations in some classes of Hubbard models for itinerant magnetism [28, 29] , as well as in models with coupled localized and itinerant electrons [30, 32, 31] . The above decorated hybrid spin model seems to be an exactly solvable model depicting a similar phenomenology.
In the present work, we will provide a detailed analysis of the crossover from ferro to antiferromagnetic ordering in exactly solvable hybrid spin lattices as a function of the continuously varying band-filling of decorating quantum dimers. We will provide the full phase diagram for distinct regimes of the kinetic energy of the decorating electrons. In particular, we will show that both ferro and antiferromagnetic phases depict a reentrant character which is related to the relative intensities of the effective ferro and antiferromagnetic couplings. The dependence of the effective couplings on the kinetic energy of the decorating electrons and their sensitivity to thermal fluctuations will be shown to govern the main features related to the phase re-entrances.
Model Hamiltonian
In the following, we will consider a model system consisting of Ising spins located at the vertices of a crystalline lattice, which will be referred as nodal sites. The bonds of the crystalline lattice are decorated by quantum dimers containing two collinear interstitial sites. Each site of the decorating dimers is assumed to have a single s orbital and, as such, can be occupied by at most two electrons with opposite spins according to Pauli's exclusion rule. The electrons are allowed to hop between the sites of a given dimer, but not from one dimer to the neighboring ones. A hopping amplitude t gives the energy scale associated to the electrons mobility within each dimer. Each decorating electron interacts with the closest nodal Ising spin through an exchange coupling J. The main features of the present model are illustrated in Fig. 1 for the particular case of a square nodal lattice.
The total Hamiltonian can be defined as H ¼ ∑ ði;jÞ H i;j , where the sum extends over all bonds connecting the pair of nearestneighbors nodal sites (i,j). The bond Hamiltonian can be written in the form:
where c † α;γ and c α;γ ðα ¼ i; j; γ ¼ ↑; ↓Þ are creation and annihilation fermionic operators at the interstitial site closest to the nodal site α. s α ¼ 7 1 denotes the Ising spin at site α, n α;γ ¼ c † α;γ c α;γ is the number operator at the interstitial site closest to the nodal site α with a specific spin orientation and n α ¼ n α;↑ þ n α;↓ . μ is the chemical potential per interstitial electron that will be used to control the average number of decorating electrons per bond. When all decorating dimers are occupied by exactly one electron, the quantum hopping of the interstitial electron gives rise to an effective ferromagnetic coupling between the nodal spins [26] . However, an antiferromagnetic coupling develops when exactly two electrons occupy each dimer [27] . Therefore, a crossover from ferro to antiferromagnetic ordering of the nodal lattice shall take place as the electron filling increases. In order to closely follow this crossover, we will consider that each decorating quantum dimer can be occupied by zero, one or two electrons (half-filling), with an average occupation number 〈n〉. Due to the particle-hole symmetry, the behavior beyond half-filling is similar to the one achieved below half-filling.
In the following, we will represent the quantum state of a given dimer by js 1 ; s 2 〉 (and its dual by 〈s 1 ; s 2 j), where s m represents the spin configuration of the mth site within the dimer. The bond Hamiltonian H i;j governing the interaction of the quantum dimer spins with the neighboring nodal Ising spins i and j can be decomposed in several decoupled block Hamiltonians, as detailed below:
For the case on which the quantum dimer has no electrons, the bond Hamiltonian is simply given by
for all configurations of the nodal spins s i and s j .
When the decorating dimer is occupied by just one electron, the bond Hamiltonian matrix can be decomposed in two decoupled two-dimensional block matrices corresponding to the distinct orientations of the decorating electron spin. The matrix elements in this case are 〈↑; 0jH i;j j↑; 0〉 ¼ À〈↓; 0jH i;j j↓; 0〉 ¼ ÀJs i À μ; ð3Þ 〈0; ↑jH i;j j0; ↑〉 ¼ À〈0; ↓jH i;j j0; ↓〉 ¼ ÀJs j À μ; ð4Þ 〈0; ↑jH i;j j↑; 0〉 ¼ 〈↑; 0jH i;j j0; ↑〉 ¼ t À μ;
The four eigen-energies depend on the configuration of the nodal spins and are given by
The two possible configurations corresponding to a dimer occupied by two electrons with the same spin orientation are also decoupled with the bond Hamiltonian being
Finally, there are four possible configurations corresponding to a dimer occupied by two electrons having opposite spin orientations that are quantum mixed by the hopping process. The diagonal elements of the four dimensional block Hamiltonian in this sub-space are 〈↑↓; 0jH i;j j↑↓; 0〉 ¼ 〈0; ↑↓jH i;j j0; ↑↓〉 ¼ À2μ; ð9Þ
while the non-null off-diagonal elements representing single electron hopping processes are
as well as their transposes. In this sub-space, there are two degenerate eigenstates with energy E ¼ À2μ. The other two eigen-energies are
In summary, each quantum dimer has 11 possible configurations being 1 with no electrons, 4 with one electron (forming two decoupled two-dimensional sub-spaces corresponding to distinct spin orientations of the interstitial electron), and 6 with two electrons (2 one-dimensional sub-spaces corresponding to electrons with the same spin orientation and 1 four-dimensional subspace with anti-parallel interstitial spins).
Exact decoration-iteration transformation
The present model Hamiltonian of an Ising lattice decorated by quantum dimers can be exactly mapped into a pure Ising model with an effective temperature dependent exchange coupling using the decoration-iteration transformation. Noticing that the bond Hamiltonians commute with each other, one can write the grandpartition function of the decorated lattice model in the form:
ΞðT; t; J; μÞ ¼ ∑ 
where μ is the chemical potential per decorating electron, N is the number of lattice bonds, while A and J eff are determined after performing the partial trace over all configurations of the decorating elements. The above mapping is based in the fact that the partial trace of the bond Hamiltonian can be put in the form:
The last equality shall hold for all configurations of the nodal spins. A straightforward calculation using the 11 eigenvalues of the decorating Hamiltonian given in the last section provides
where V 1 and V 2 result, respectively, from the partial trace with parallel and anti-parallel nodal spins
on which v ¼ expðβμÞ.
The chemical potential can be used to control the average number of interstitial electrons per quantum dimer which is given by
Using Eq. (16) and after a short algebra, it can be expressed as
where 〈s i s j 〉 is the correlation function between neighboring nodal
Ising spins. This last equation can be used to eliminate the chemical potential from the expression of the effective coupling allowing us to consider the average number of electrons per dimer as a free parameter.
Phase diagram
We are mainly interested in unveiling how the average number of electrons per quantum dimer affects the spin ordering in the nodal Ising lattice. One can anticipate that no ordering is achievable in the limit of n-0 because there is no other coupling between the Ising spins except the one mediated by the electrons present in the quantum dimers. Actually, it is needed a minimum fraction of occupied dimers in order to form a percolating cluster of effectively coupled Ising spins.
The [4] . In what follows, we are going to explore the main characteristics of the phase diagram for these two lattices.
In Fig. 2 , we provide the phase diagrams in square and cubic lattices for some representative values of the ratio between the hopping amplitude t and the exchange coupling J. Actually, the ordering of the nodal lattice is the same for both ferro ðJ 4 0Þ and antiferromagnetic ðJ o0Þ couplings between nodal and decorating spins. The ground state ordering does not depend of the ratio t=jJj. For the square lattice (Fig. 2a) , the ground state is ferromagnetically ordered for
while it is antiferromagnetic for
There are two regimes with a paramagnetic ground state. The regime of small electron densities 〈n〉 o 1=2 is typically a nonpercolating situation on which the fraction of ferromagnetic effective couplings mediated by quantum dimers having a single decorating electron is not enough to form a percolating cluster. Most of the bonds connecting Ising spins have unoccupied dimers and, thus, a null effective coupling. In order to locate the critical density above which the ground-state becomes ferromagnetic, one just considered up to the linear terms in v on Eqs. (20) and (21) and kept the low-temperature main contribution when expressing v as a function of temperature. In this regime, V 2 gives vanishing contributions to both lnðβJ eff Þ and lnðAÞ. Under these conditions, Eq. (23) gives the lower bound depicted in Eq. (24) . For the upper bound of the ferromagnetic phase, we kept the linear and quadratic terms in v on Eqs. (20)- (21) because there are no bonds in the ground state without at least one interstitial electron for 〈n〉 41. Under this circumstance, 2vd lnðV 1 Þ=dv ¼ vd lnðV 2 Þ=dv ¼ 2 in the regime of very low-temperatures which directly leads to the upper bound in Eq. (24) for the stability of the ferromagnetic ground-state. In the second regime of paramagnetic ground state with 1:1464… o 〈n〉 o 1:8535…, there is a competition between ferromagnetic couplings mediated by quantum dimers occupied by a single electron and antiferromagnetic couplings mediated by doubly occupied dimers. In this regime, the excess of either one of the couplings is not enough to sustain a long-range order. The critical electron density for the emergence of an antiferromagnetic ground-state [see Eq. (25) (Fig. 2b) has a similar sequence of phases with distinct critical electron densities. The ranges of electron densities for which the ground state is paramagnetic are substantially reduced. Ferromagnetism sets up for 0:2537 o 〈n〉 o 1:3358 while antiferromagnetism arises for 〈n〉 41:6642.
At finite temperatures, the quantum hopping of the decorating electrons has quite distinct impacts on the ferro and antiferromagnetic orderings. It is worth to stress that there is no long-range order in the limit of t=jJj-0 because the effective coupling between the nodal Ising spins actually results from the quantum mixing of the s orbitals of the two sites composing each dimer.
As the quantum hopping amplitude increases, a ferromagnetic phase develops at low temperatures in the range of intermediate electron fillings. The ferromagnetic-paramagnetic transition temperature saturates in the limit of large hopping amplitudes. It is interesting to notice that the transition line exhibits a reentrant character near its upper edge. Therefore, for average electron occupations slightly above the upper bound for ferromagnetic ground-state ordering, a ferromagnetic phase may become stable in a narrow range of finite temperatures even when the ground state is paramagnetic. However, such re-entrance phenomenon is absent at intermediate values of the hopping amplitude.
Concerning the antiferromagnetic phase appearing near halffilling, the transition temperature depends nonmonotonically on the hopping amplitude. Antiferromagnetic order reaches its maximum stability for t/J of the order of unity. After reaching its maximum, the transition temperature continuously vanishes as t=J-1. A re-entrance phenomenon of the transition line is also present near its lower edge. However, contrasting with the behavior displayed by the ferromagnetic phase, a reentrant antiferromagnetic phase takes place only at intermediate values of the hopping amplitude. In the insets of Fig. 2 , we show amplifications of the antiferromagnetic re-entrance phenomena for some hopping amplitude values to stress that thermal fluctuations can lead to re-orientation. Although thermal fluctuations can promote antiferromagnetic order out of a paramagnetic ground-state for electron occupations slightly below the lower edge of the antiferromagnetic ground-state, there are narrow ranges of 〈n〉 and t=jJj values for which, after destroying the ground-state antiferromagnetic order, thermal fluctuations can re-orient the system in a finite temperature range before reaching the ultimate paramagnetic state. The above scenario holds for both square and cubic lattices, although with distinct critical electron occupation densities.
The main features described above for the influence of the hopping amplitude on the transition temperature are summarized in Fig. 3 . The two regimes of reentrant behavior of the ferromagnetic phase are represented by two disjoint lines (a closed loop at small hopping amplitudes and an open line at large hoppings). Just below the upper critical density for the stability of a ferromagnetic ground-state the transition temperature exhibits a non-monotonic behavior. The re-entrance of the antiferromagnetic phase that takes place at intermediate hopping amplitudes is represented by a single closed loop just below the minimum concentration required for the stabilization of the antiferromagnetic groundstate. These re-entrance lines are only present in the close vicinity of the critical concentrations.
To better characterize the reentrant behavior of the ferro and antiferromagnetic phases, we plot in Fig. 4 the critical temperatures where they first appear as a function of the hopping amplitude in square (Fig. 4a) and cubic (Fig. 4b) lattices. The re-entrance of the ferromagnetic phase is present for t=J o 3=4 and t=J 4 4=3. The re-entrance transition temperature approaches to T ¼0 in the vicinity of these two limiting values, decreasing slowly as t=J-1 after passing through a maximum. The reentrant antiferromagnetic phase takes place mainly in the remaining interval of hopping amplitudes, although there are narrow intervals on which both phases are reentrant, as illustrated in the insets. Further, the reentrant antiferromagnetic phase starts to appear at finite temperatures. All these features are common for the square and cubic lattices.
To quantify how far the reentrant behavior advances, we also determined the electron density at which the transition lines firstly develop the re-entrance. Figs. 5a and b display the dependence of this re-entrance electron density 〈n〉 re as a function of the hopping amplitude for the antiferro and ferromagnetic phases, respectively, for the case of a square lattice. The corresponding results for the cubic lattice are shown in Figs. 5c and d. For both lattices, we can observe that the antiferromagnetic phase depicts a much less pronounced re-entrance in comparison to the ferromagnetic phase. The antiferromagnetic re-orientation phenomenon occurs when 〈n〉 re surpass the value corresponding to the set up of an ordered ground-state (dashed lines). In the scale shown, it is only visible in Fig. 5c . On the other hand, the re-entrance of the ferromagnetic phase advances substantially. Exploring an analogy with the percolation transition, it can be analytically demonstrated that the ferromagnetic re-entrance reaches 〈n〉 re ¼ 1:5 for the square lattice and 〈n〉 re ¼ 1:75 for cubic lattices in both limits of vanishing and diverging hopping amplitudes.
To elucidate the origin of most of the features related to the reentrant behavior described above, let us recall that it is due to a competition between an effective ferromagnetic coupling between Ising spins mediated by a quantum dimer occupied by a single electron [26] and the antiferromagnetic effective coupling mediated by doubly occupied dimers [27] . The analytic expressions for these two couplings can be directly obtained from Eqs. (18) to (21), keeping only the terms linear in v for single electron occupation or the quadratic terms for double occupation. In Fig. 6 we plot these two effective couplings as a function of the hopping amplitude for the cases of T¼0 and a representative finite temperature. At T¼0 the effective ferromagnetic coupling is a monotonically increasing function of t=jJj while the antiferromagnetic one reaches a maximum at Fig. 4 . Critical temperature at the point of maximum re-entrance k B Tc;re=jJj as a function of the hopping amplitude t=jJj. Here we considered the re-entrances of the ferromagnetic (solid line) and antiferromagnetic (dashed line) phases for (a) square and (b) cubic lattices. Reentrant ferromagnetism appears starting from low temperatures for t=J o 3=4 and t=J 4 4=3. In the remaining interval there is a reentrant antiferromagnetism which starts at finite temperatures. There are narrow intervals of the hopping amplitude for which both phases are reentrant. t=jJj ¼ 1, vanishing in the limit of t=jJj-1. This non monotonic behavior of the effective antiferromagnetic coupling is reflected by the non monotonic behavior of the antiferromagnetic-paramagnetic transition temperature reported in Fig. 2 . The antiferromagnetic coupling is larger than the ferromagnetic one in the interval 3=4 o t=jJj o4=3. Therefore, a reentrant antiferromagnetic phase is expected in this interval, while a reentrant ferromagnetic one shall predominate in the remaining range of hopping amplitudes, as indeed found in the previous analysis. Further, notice that the effective ferromagnetic coupling is more sensible to thermal fluctuations than the antiferromagnetic one. As a result, the range of hopping amplitudes for which the antiferromagnetic coupling predominates becomes wider at finite temperatures. This feature explains the fact that the reentrant behavior of the antiferromagnetic phase starts at finite temperatures slightly outside the above range, as detailed in the insets of Fig. 4 .
Summary and conclusions
In summary, we introduced an exactly solvable lattice model with collinear Ising nodal spins and decorating quantum dimers with a varying band-filling. A decoration-iteration algebraic transform allowed us to exactly map the present system on a pure Ising model with an effective nearest-neighbors exchange coupling that originates from the kinetic energy of the decorating electrons. Similar to some models of itinerant magnetism [28] [29] [30] [31] , the present model presents a crossover from ferro (around quarter filling) to antiferromagnetic order (near half-filling).
The complete phase diagrams in square and cubic lattices were presented for distinct regimes of the kinetic energy of the decorating electrons represented by a quantum hopping amplitude. In particular, the ferromagnetic phase was shown to be reentrant for low and high values of the hopping amplitude while the antiferromagnetic phase is reentrant at intermediate hoppings.
The dependence of the effective ferro and antiferromagnetic couplings on the kinetic energy of the electrons and their relative sensitivity to thermal fluctuations were shown to explain the main features of the reentrant phases.
The present model geometry resembles that of some polymeric coordination compounds [33] [34] [35] . A more realistic modeling of such compounds would require, however, the introduction of other interaction terms within the quantum dimer, such as on-site interaction, exchange coupling between the decorating electrons and a double-exchange mechanism. Although the inclusion of these contributions can allow to a more accurate modeling of this class of compounds and to reliable estimation of physical parameters, the essential role played by the kinetic energy of the electrons and by the band-filling are well captured by the present exactly solvable model. An interesting question that remains open concerns to the dependence of the effective couplings on the size of the decorating quantum chain. A more complex sequence of crossovers from ferro to antiferromagnetic order can take place. Future works along the above lines can provide new physical hints on the role played by the lattice geometry and the kinetic energy on the magnetic ordering of systems with mobile electrons.
